Irreversible thermodynamics requires that the cross coefficients b1 and b2 be equal. This is shown by direct calculation. The value of b1 and b2 depends on the ratio of two integrals over the phonon transmission coefficient and it is evaluated for two models of the transmission. The theory agrees fairly well with a recent measurement of b1.
(***) Laboratoire associe au C.N.R.S.
fluidity of the liquid, equilibrium can be established rapidly, making new kinds of experiments possible. For example, the surface tension of the interface has been measured directly [1, 2] using methods appropriate to a liquid-vapor interface; capillary waves (« melting-freezing » waves) can be propagated [3] on the crystal surface; and two reversible « roughening » or « facetting » transitions [3] [4] [5] have been observed near 1 K. In this paper, we calculate some kinetic coefficients of the 4He crystal surface, coefficients
Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jphys:01983004406072300 concerned with crystal growth and with the coupling [6] between mass flow and energy flow across the interface. Where data is available, we find good agreement with experiment [3, 7, 8] using the Landau approach suggested by Andreev and Parshin [9] . We first give a brief review of present knowledge of the problem. Below -1 K, the interface between a hexagonal 4He crystal and the superfluid liquid is observed [2] [3] [4] to have rounded sections which are atomically rough, and flat facets which are atomically smooth. According to Andreev and Parshin [9] Keshishev et al. [3] who measured their damping and the relation between frequency and wave number w(k). The surface tension obtained from (9(k) agreed well with direct measurements [ l, 2] . The growth resistance K-1, obtained from the damping of the waves, showed the expected temperaturedependence, namely a contribution proportional to T4 from the phonons and a contribution proportional to e -A/kaT due to rotons in the liquid. In addition, there was a contribution, approximately independent of temperature, which was attributed to imperfections in the crystal or in the experimental method.
Although AP predicted its temperature dependence, they did not give an explicit formula for K. This we derive in the present paper. We also show the relation between K and RK, the Kapitza resistance of the interface, recently calculated by Huber and Maris [10] , and the « cross-coefficients », coupling heat flow and crystal growth, defined by Castaing and Nozieres [6] (CN).
Following CN, for small deviations from equilibrium i.e. small values of the « forces » Ap/T and ð.T/T2, the entropy production per unit area of the interface is where the currents J and JE are the mass and heat current densities through the interface. The equations relating forces to currents are :
where for stability (8 &#x3E; 0) and, by Onsager's relation, In these equations Ap = pL -Ilc, AT = TL -T c and the mass current density from liquid to solid is J = Pc v where Pc is the crystal density. Similarly JE is the heat current density across the interface from liquid to solid. With this sign convention (which differs from that of CN) apc T = (Km)-1 and cT2 = RK are both positive.
The Kapitza resistance RK can be expressed [10, 11] [7] ) it means or &#x3E; 1 where r is the phonon or roton collision time. In the opposite limit, the « hydrodynamic regime », where lk 1 or wT 1, the motion of the crystal interface should be damped hydrodynamically by the normal fluids of the solid and liquid. In this case, the damping is less than in the ballistic limit and the apparent value of a or K should depend on the geometry and frequency of the measurement. This is discussed in section 5.
Since the interface is supposed to be atomically rough due to zero-point motion [9] , a further simplifying assumption can (13) using fractional values of the factors f L = 1 -VnL/V, fc = ( 1 -vnc/v). In the strictly ballistic regime these factors equal 1. In the strictly hydrodynamic regime they are zero.
3. Equations for the kinetic coefficients. The growth coefficient K has been determined from the damping of melting-freezing waves by Keshishev et al. [3] . Let us examine the situation when these experiments are in the ballistic regime. The problem is illustrated in figure 2 . If the phonon free path 1 in the liquid is long (lk &#x3E;&#x3E; 1) then the phonons scattered from different parts of the wave equilibrate in a region (shaded in the diagram) which is a distance of order I away from the interface. The phonons incident on the interface from the liquid come from this region, where there is a stationary equilibrium phonon distribution. This is established by collisions between phonons from different parts of the wave and the walls. In the crystal the conditions are similar but with a different value for the phonon free path.
The The notation for this section is illustrated in figure 3 . Note that the coefficients R, rand 1: can be expected to change with the velocity of the interface v, but only by order v'. This can be neglected.
We are now ready to calculate GL and G, using equation (11) . In doing so we can use bn to mean the deviations from the equilibrium distributions moving with velocities vnL and Vne.
These distributions also have G = 0. In this way we find and Equations (12) and (18) give, for perfect reflection, the same result as equation (14) Comparing (19) with a rearrangement of (4) using J = pr v :
we obtain which reduces to equation (7) in the introduction. Comparing the terms proportional to v in (19) and (20) gives the dimensionless ratio fl that we defined in the introduction :
It is interesting to note that, like RK and c, b2 and P depend solely on transmission processes. Equation (22) shows that b2 and fl are negative. This corresponds to the fact that motion of the interface towards the higher temperature side increases the flow of heat JE across the interface.
Equations (13) and (18) , when combined together to give Ap in terms of v and AT, can be compared with a rearrangement of (3) The expression for (a -bi b2/c) from (17) and (18) is :
where we have assumed the z-axis to point from crystal to liquid. With some work it can be shown that this formula for a -bi b2/c is positive. Since bi = b2 = (bl + b2)/2 we deduce that the thermodynamic stability condition (5) is satisfied.
The evaluation of our expressions for a and bi and b2 is discussed in the next section.
Numerical evaluation of the kinetic coefficients.
In this section we discuss the numerical values of the cross coefficients bi = b2 and of the growth resistance a or (Km)-1. The evaluation of the coefficient c or its equivalent, the Kapitza resistance RK, has been very thoroughly discussed by Maris and Huber [10] [15] that the transmission coefficient is determined by the inertia [15, 16] of the interface rather than the surface tension. where P-L,6 is the phonon normal density in the liquid. A better approximation uses the anisotropic group and phase velocities in the crystal calculated from the elastic constants given by Greywall [18] . The growth resistance now depends on the angle, gi, between the c axis of the crystal and the direction n.
The growth resistance can be expressed as where S(#) and the contributions to it from different modes are shown in figure 4 . One sees that (Km)-1 varies weakly with 4/ and that it lies between the values of 3.32 T4 and 3.06 T4 cm s -1 K -4.
These estimates, together with those for the cross coefficients and equation (7) can be used to obtain the dimensionless ratio b2/ac which determines stability condition (5) . We find that bllac =-#' ( -rLs &#x3E;IS().
It is possible to estimate crudely the effect of mode conversion at high temperatures. Suppose that one transverse mode were always completely reflected, and the other were reflected half the time as a longitudinal wave, if allowed by the conservation laws. In the isotropic model we find where the limit of integration po = c2 t /Cl 2)1/2.
The proposed mode conversion leads to a 6 % reduction in the value of (Km) -1. Now let us estimate the corrections arising from the transmission of phonons. We will show that this leads to an even smaller correction.
There are three terms to be considered. The first arises from the term in b2/c in equation (25) where qo is the momentum at the roton minimum [19] and VR the mean roton velocity, (2 kT/1tJ-l) (4) , AT is the difference in temperature between the " phonon black bodies " of figure 2, so that AT = 0 when the melting-freezing waves are damped ballistically. In this case it is easy to show that the damping of the waves depends on (Km) -1 (1 -b 2lac) rather than just the growth resistance (Km) -1 as assumed by Keshishev et ale
In figure 5 we plot some of the data as a function of T4. We have omitted the data from sample 5 for which the errors are large.
One problem in understanding these results is the variation in the growth resistance between samples. It might be imagined that different samples have different orientations of the c axis, and that this leads to the variation in the growth resistance. However, our theory predicts that there should be less than an 8 % variation in (Km)-1 arising from this.
Another problem is that the two runs on sample 3 at different frequencies have almost a constant difference in their growth resistances, a result which contradicts the observation that y varies as k. This suggests that there is another source of dissipation which has changed between the runs on sample 3 tively the temperature dependence of the growth resistance.
In view of these problems it is not easy to test the theory. It is possible, however, to show that it is consistent with the data. The straight lines in figure 5 are those which best fit the data. These have slopes of 2.6 and 3.4. As remarked earlier, in the ballistic regime the experiment measures an effective growth resistance (Km)-i (1 -b2/ac). The factor b2/ac is approximately /32 1:LS &#x3E;IS(t/J) where fl is about -1.5 and ( TLS &#x3E; about 0.5 near 0.4 K. Consequently we predict an effective phonon growth resistance of 2.8 T4 cm s-i, in good accord with the data of sample 3 and in fair accord with that of sample 4 .
The non-zero intercept in figure 5 could be due to 'He damping. According to equation (35) [3] . If we subtract off 2.6 T4 + intercept from the data of sample 3 we obtain the values shown in figure 6 . These are certainly consistent with the roton energy gap of 7.21 K and lead to estimates of ( 1 -ç) of 0.32 and 0.39, quite close to the value of 0.5 which was expected.
The close agreement between then experimental and theoretical roton damping is rather embarrassing. The model that we have assumed is only applicable provided kl &#x3E; 1 where I is the mean free path and k is the wave vector of the melting-freezing wave. This condition is probably fulfilled for the phonons [17, 21] . However, for the rotons at a temperature of 0.5 K, kl is 0.06 for 232 Hz (k -30 cm-1) and at 0.59 K it is 0.007, using the results of Castaing and Libchaber [22] for the roton free path. This means that the rotons should be in the hydrodynamic regime and that the ballistic theory should not be applicable. This puzzle is discussed in section 5.
We can also compare the theory with the sound transmission experiment of Castaing et al. [7] . The values of (OTR (where iR is the roton-roton collision time [22] bringing the roton gas to rest in the direction parallel to the surface. Since the perpendicular and parallel motion of the roton gas are strongly coupled in the hydrodynamic regime this might be sufficient to bring the roton gas to rest in the frame of the lattice rather than the interface, restoring the damping to the large value that it has in the ballistic regime. Alternatively the interface may be atomically rough in the classical (rather than quantum mechanical) sense, so that the condition unx = 0 is due to diffuse scattering from ordinary irregularities. The interface excitations, quantized melting-freezing waves, may also be taking part in the scattering of the rotons.
In this connection it is useful to note that the ballistic damping is actually the maximum damping of the motion of the interface that may occur. This can be shown from the principle of maximum entropy production [24] , regarding the ballistic phonon distribution functions as trial functions. The true distribution functions in the hydrodynamic regime will always give a dissipation which is less than or equal to the ballistic value. With the additional constraint vnx = 0, the roton hydrodynamic dissipation may therefore be expected to lie between the approximate value given by (47) and yballistic.
treat the problem of high-frequency melting-freezing waves more extensively than we do but they do not discuss the Onsager cross-coefficients. Many of their conclusions are the same as ours but the following differences are worth noting :
(1) AK show by a simple argument that elastic scattering of rotons at the interface will be nearly 100 % « anomalous », so that the momentum transfer to the interface should be very small. In contrast we have followed the result of Iguchi [20] [17] and to vary approximately as T -3, is in order-of-magnitude agreement with previous empirical estimates [17] .
